Abstract. This paper deals with a possible generalization of Fourier's law that incorporates spatial memory into the constitutive relation. The integral and differential versions of the memory terms in the constitutive relation are discussed. It is shown that the asymptotically correct model contains the biharmonic operator as the vehicle for the higher-order heat diffusion that also accounts for the spatial memory of the processes. Different solutions in 1D, 2D and 3D are presented to show the applicability of the new model.
INTRODUCTION
The Fourier law of heat conduction [1] is one of the most important constitutive relations in continuum physics. In its simplicity it is a paragon of modeling in continuum physics. The main idea enshrined in Fourier's law is that the heat flux is proportional to the negative gradient of the scalar quantity under consideration: the temperature. If the scalar is the concentration, then it is called Fick's law. The Navier-Stokes model for viscous liquids contains a law of similar nature that establishes the relationship between the tensor of stresses (analog of the flux) and the rate of strain tensor, i.e., the symmetric part of the velocity gradient (analog of the temperature gradient). Linear-gradient constitutive laws are the basis for the majority of models in continuum mechanics, and they perform splendidly in engineering applications. However, despite its widespread usage, the model based on the Fourier law has several major shortcomings and has limited validity. Some of these shortcomings are discussed in this paper.
It is clear that a linear-gradient constitutive law can only be an approximation to a more realistic functional dependence between the physical quantities. And, despite the overall satisfactory performance, there exist situations where the Fourier-like models are not merely rough approximations but incorrect, in fact.
Fourier suggested a linear connection between the heat fluxand the temperature gradient ∇T , namely= −κ∇T,
where κ > 0 is the coefficient of heat conduction, and the sign "−" is the thermodynamically-consistent choice that does not lead to self-concentration of heat but to dispersion of the latter. Introducing Eq. (1) into the balance law
one gets the following equation for the temperature:
where ρ is the density, c p is heat capacity, and λ is called the coefficient of thermal conductivity (see, e.g., [2, Pg.124] ). The last equation is parabolic, and any disturbance introduced somewhere in the domain under consideration will propagate in space with infinite speed, i.e., it will be felt immediately everywhere in the domain. This is one of the well known shortcomings of the Fourier law, and appears to have first been noted by Maxwell [3, pg.260] . Such behavior, which is most apparent at low temperatures and/or in high heat-flux conditions [4, 5] , and is believed to violate causality. The remedy for this paradox is known as the Maxwell-Cattaneo law for the heat flux, which is nonlocal in time and allows propagation of heat waves with finite speeds [6, 7, 4, 8] . The material invariance of the Maxwell-Cattaneo law is considered in [9] . Another set of paradoxes that are characteristic for all linear gradient constitutive laws is connected with the improper behavior of the solutions at infinity. In hydrodynamics, the 2D stationary solution with polar symmetry does not decay at infinity but rather diverges logarithmically. In heat conduction, this paradox did not attract enough attention in order to be given a name, but in fluid dynamics a similar setback is known as the Stokes paradox [10, 11] . The Stokes paradox is connected to the fact that no solution of the linear Stokes equations exists that satisfies both the boundary conditions at the rigid body (say, a cylinder) and the asymptotic boundary conditions. The better behaved potential in 3D (decaying as 1/r at infinity, rather than diverging as ln r in 2D) allows for the existence of a physically meaningful solution of the linearized equations, but then the asymptotic series for acknowledging the nonlinearity are divergent. This improper behavior of the solution is known as the paradox of Whitehead [11, §8.3] . In this case, the decay of the solution of the linearized problem is so slow that, when it is substituted into the neglected nonlinear terms, the latter dominate the retained linear terms at infinity.
All these setbacks are connected with the unrealistically fast diffusion from a boundary to infinity, and testify that the connection between the flux and the temperature gradient is more complex than the one given by the Fourier law.
In the present work, we set to outline the paradoxes connected with the linear Fourier law and propose a generalization of the latter that takes into account higher-order gradients. In doing so, we also address the issue of connection between Fourier's law and Newton's law of cooling.
PARADOXES CONNECTED WITH INFINITE DOMAINS
It is intuitively clear that if one has a body whose temperature is different (say, higher) from the surrounding medium, then the effect of the rapid change in the temperature should be felt appreciably only in a limited domain around the body. Quantitatively speaking, this domain can be small or large, but it should not extend to infinity and the temperature profile should decay relatively quickly when the spatial independent variable approaches infinity. A decay of order 1/r is too slow to explain the observed phenomena because the temperature at infinity should not be affected by the temperature of the body. At the same time, the heat flux measured through the body surface should have some specific finite value that is not equal to zero. Both these natural expectations are violated by the solutions to the classical heat equation, Eq. (3), because of the overindustrious transport mechanism embodied by the Fourier law.
To elucidate this point, we first consider the problem of heat conduction in a 1D vertical layer between the planes x = 0 and x = L. The left surface (the "body"), x = 0, has a temperature T b while the right surface is kept at T 0 . The b.v.p. reads
The solution is
T
and the flux through the boundary x = 0 is given by
This expression asserts that if the gap between the two planar surfaces becomes infinite, then the heat flux through the left wall will vanish. This does not sound very convincing, from the practical point of view, even though it can be argued that after a very long time the whole space is heated up and the temperature assumes a linear profile with vanishing slope. However, this requires an infinite amount of energy to be radiated from the left boundary, and contradicts the empirically-established Newton law of cooling, which stipulates a non-vanishing heat flux from the surface. Some arguments can be made to justify the zero flux, e.g., in practice one never has an infinite surface, etc, but such arguments cannot be used in all cases. The model should be paradox-free. A similar situation occurs in 2D and 3D, where the steady governing equation of the heat conduction reads
where α = 1 in the 2D case, and α = 2 in the 3D case. For the 2D heat conduction, the time-independent solution of this b.v.p. and the flux through the body's surface are
Once again, we discover that if we remove the outer boundary to infinity, R → ∞, then the flux from the cylinder vanishes, which contradicts experimental observations. In 3D, the solution and the flux through the body's surface read:
Now, the limit R → ∞ gives a non-vanishing heat flux from the sphere, and the solution decays at infinity. Similarly to Stokes' paradox, this decay is too slow, and, if one considers convection at very small Prandtl numbers, one finds that the slowly decaying solution makes the neglected terms larger than the retained terms. Moreover, like Stokes' paradox, the above heat-conduction paradox is much more severe in 2D than in 3D.
NEWTON'S LAW OF COOLING
Another clue pointing to the inadequacy of the Fourier law is furnished by so-called Newton's law of cooling. Originally, Newton's law of cooling was concerned with the cooling of a body with an average temperature, T , due to heat exchange with the surrounding medium whose temperature is kept at different value, say, T 0 . Then, the rate of cooling is stipulated to be proportional to the difference between the body's temperature and the ambient temperature, namely
where χ is the cooling coefficient, which is related to the heat exchange at the boundary of the body. The main idea in formulating this kind of approximate model is that the predominant change in the temperature of the surrounding medium takes place in a relatively thin layer adjacent to the body's surface. Then, T 0 has the meaning of an equilibrium temperature far from the body. As already mentioned, Newton's law of cooling was originally concerned with the averaged quantities, but it can be argued that it is, actually, a consequence of a similar law that holds for the local flux through a point of the surface, ∂ D, of a body D, namely
where T 0 is the temperature in the medium next to the surface and ∂ /∂ n stands for the normal to the surface directional derivative. The meaning of "next" is rather vague, and, in many formulations, T 0 is the temperature of the points well separated from the surface. In the sense of boundary layer, T + 0 is the temperature at the outer edge of the layer, which is, in fact, infinitely remote, in the asymptotic sense. Equation (5), which is related to the properties of the "outer" medium, is often considered as a boundary condition when solving Eq. (3). Alongside Fourier's law, Newton's law of cooling is the other very well established empirical observation connected to heat transfer. For the medium outside of the body, whose temperature is being modeled, the coefficients in Newton's and Fourier's laws are independent of each other, which hints at the idea that the constitutive relationship between the heat flux and the temperature gradient may be more elaborate that the simple linear constitutive relation embodied by Fourier's law. In other words, we might be able to connect the coefficient in the right-hand side of Newton's law to the coefficients of the additional terms in the flux-gradient constitutive relation for the outer medium. It is clear that a self-consistent description of the processes requires that Newton's law of cooling, Eq. (5), be a limiting case of the solution of the heat conduction problem in the "outer" medium when the largest gradients of the temperature are in the layer adjacent to the "inner" surface.
HIGHER-GRADIENT GENERALIZATION OF FOURIER'S LAW
As with any higher-gradient generalization of a constitutive relation, in the present case one has two paths to follow: to add higher gradients of the temperature and/or to add gradients of the flux. In the former case, we will speak about "spatial retardation" of the temperature, while, in the latter case, we can use the coinage "spatial relaxation of the flux." This terminology comes from the analogy to viscoelastic liquids and the Maxwell-Cattaneo law. It is understood that the phenomenological model proposed here should be verified in the future by molecular-dynamics computations. In connection to this, we mention that fourth-order gradients of the temperature were argued in [12] as the manifestation of the effects of the so-called Knudsen layer in rarefied gases. In this paper, we limit ourselves to providing some general arguments for more complex constitutive relationships for the temperature, beyond the mere Fourier law.
When acknowledging both the retardation and relaxation (in the above introduced sense), and limiting oneself to gradients of the lowest two orders, one can generalize Eq. (1) as follows
where, in general, C, S are third-rank tensors, and K, Q are tensors of fourth rank. The colon sign ":" stands for the contraction of indices (without complicating further the notation, we presume as many contraction as necessary based on the rank of the tensors involved). Note that there is freedom to take a tensorial coefficient in lieu of κ in order to account for the possible anisotropy of the material, but this goes beyond the scope of the present work. Similarly, we stipulate that S is a tensor of third rank, while Q is a tensor of fourth rank. Using the standard expression for isotropic tensors of third and fourth rank, we can reduce Eq. (6) to the following
where χ 2 and κ 2 are some scalar coefficients called respectively the "spatial relaxation" and the "spatial retardation" coefficients. The signs are arbitrary at this point and are chosen as they are above for the sake of convenience. It is quite straightforward to show that if χ 2 = 0, then the one must have κ 2 ≥ 0 in order for the above model to be thermodynamically correct. Respectively, for κ 2 = 0 we must have χ 2 ≥ 0. Here, we note that just like the Fourier law, given by Eq. (1), the constitutive relation given by Eq. (7) is once again an approximate expression. The general relation involves either an integral representation of the memory of the process (see Section ) or an infinite number of higher-order derivatives. When resorting to a truncated version of the memory relationship, such as Eq. (1) or Eq. (7), one has to keep enough terms to ensure the correctness of the problem. In this instance, if κ 2 < 0, then one has to keep the sixthorder derivative of T and ensure that its coefficient has the proper sign. For example, in [13] a spatially nonlocal model is proposed, but the second coefficient κ 2 has the wrong sign, from the thermodynamic point of view, but no higher-order terms are kept.
Finally, we note that the effect of the retardation term is such that, in the presence of a non-trivial gradient of the curvature of the temperature profile, the latter higherorder gradient acts as a resistance and reduces the evacuating effect of the gradient of the temperature itself. If the coefficients χ 2 , κ 2 were not small, then the deviation from Fourier's law would be appreciable in all applications, which is not the case. Thus, one can safely conclude that both χ 2 and κ 2 are rather small quantities, and their effect is felt mostly in thin layers and/or in infinite domains.
THE GENERALIZED HEAT EQUATION AND ITS BOUNDARY CONDITIONS
After applying the Laplace operator to Eq. (3) and combining the result with Eq. (3), it can be shown that the generalized Fourier law, Eq. (7), yields the following equation for the temperature:
Since, the coefficient of thermal conductivity λ has dimension [ s ], while χ 2 has dimension [m 2 ]. As already mentioned, the new coefficients must both be very small (much smaller than λ ) in order to leave the established results of heat transfer theory intact. While the term with coefficient χ 2 does not increase the spatial order of the equation, the term proportional to λ 2 does change the order. Even a very small λ 2 cannot be disregarded, especially in the boundary layers near surfaces, because it multiplies the highest spatial derivatives of the equation. In addition, the term with λ 2 may have cumulative effect that can change qualitatively the asymptotic behavior of the solution, even if the coefficient is small. See, e.g., [11] for discussion of perturbation methods.
Since Eq. (8) contains fourth derivatives, it requires an additional condition at every boundary. Thus, one can impose boundary conditions on both the function and its normal derivative, i.e., one can specify the temperature and enforce Newton's law of cooling simultaneously. If two conditions are not available, then, to find the ones that make the problem well-posed, we multiply Eq. (8) by T (x x x,t) and integrate over the domain D in which the solution is sought. By means of integration by parts we arrive at
Now, it is clear that the additional boundary conditions to be imposed in the absence of prescribed ones have to be dual to the missing conditions in the sense of canceling the surface integrals in Eq. (9) . This means that if no condition is available for the temperature, then the natural boundary condition dual to the Dirichlet condition is
Respectively, when no boundary condition is available for the normal derivative of the temperature, one has to use the dual condition
Thus, the following four combinations are possible (at different portions of the boundary, the combinations can be different):
for x x x ∈ ∂ D. Note that the last last two combinations would specify the solution only up to a constant.
ASYMPTOTICALLY EQUIVALENT FORMULATION
Now, we can make use of the fact that χ 2 and κ 2 are much smaller than unity and κ respectively. For the sake of convenience, we introduce the following notations: χ 2 =χ 2 ε, κ 2 = κε and expand T andin asymptotic series as
Then, from Eq. (7), we get that
At this junction we have two options: to use Eq. (17) to express either0 in terms of ∇T 0 or vice versa. The latter option will lead to losing the higher-order derivatives in the model, and the asymptotic reduction will lead to an equation that is of different type than the original Eq. 
Thus, we have shown that in the asymptotic limit, ε 1, we obtain a model with retardation only, but with a retardation coefficient that is increased by a quantity that is the product of the relaxation coefficient and the coefficient of heat conduction.
SOLUTIONS DEMONSTRATING THE APPLICABILITY
Let us begin with the 1D case. As already mentioned above, for classical Fourier's constitutive relation, there is no solution for the temperature that approaches (asymptotically) a given value at infinity while having a nontrivial flux at the body boundary. This paradox actually leaves no room for Newton's law of cooling. Now we investigate whether a solution of this type can exist for the generalized heat equation of the present work. Consider, for simplicity, a steady boundary value problem in a semi-infinite region x ∈ [0, ∞) with the asymptotic b.c. at infinity and a Dirichlet b.c. at x = 0, namely
At first sight, this boundary value problem appears to be underdetermined, but this may not be the case because an asymptotic b.c. is equivalent to an infinite number of conditions, so the problem may even be overdetermined in some cases. 
